The deformation methods based on cage controls became a subject of considerable interest due its simplicity and intuitive results. In this technique, the model is enclosed within a simpler mesh (the cage) and its points are expressed as function of the cage elements. Then, by manipulating the cage, the respective deformation is obtained on the model in its interior. In this direction, in the last years, extensions of barycentric coordinates, such as Mean Value coordinates, Positive Mean Value Coordinates, Harmonic coordinates and Green's coordinates, have been proposed to write the points of the model as a function of the cage elements. The Mean Value coordinates, proposed by Floater in two dimensions and extended later to three dimensions by Ju et al. and also by Floater, stands out from the other coordinates because of their simple derivation. However the existence of negative coordinates in regions bounded by non-convex cage control results in a unexpected behavior of the deformation in some regions of the model. In this work, we propose a modification in the derivation of Mean Value Coordinates proposed by Floater. Our derivation maintains the simplicity of the construction of the coordinates and eliminates the undesired behavior in the deformation by diminishing the negative influence of a control vertex on regions of the model not related to it. We also compare the deformation generated with our coordinates and the deformations obtained with the original Mean Value coordinates and Harmonic coordinates.
Deformations methods based on cage control stand out from the others methods due their fast and intuitive interaction. In these techniques the model is enclosed in a cage with a considerably smaller number of vertices (compared with the model), then the vertices of the model are defined as a function of the vertices of the cage (the control vertices) ( [1] , [2] , [3] ). Thus, the subsequents deformations of the cage control uniquely define the deformations of the model in its interior.
Some deformation techniques use extensions of the barycentric coordinates to achieve the reconstruction of the model in function of the cage control. The barycentric coordinates λ i of a point v 0 in the interior of a region P (polygons in R 2 and polyhedras in R 3 ) satisfy the following criteria:
(1)
Where, n is the number of vertices and v i are the coordinates of the vertices in the boundary of P.
For simplexes (triangles in R 2 and tetrahedra in R 3 ), the system of equations (1) has a single solution. However, if we take a polygon with more than three vertices, the system of equations (1) becomes consistent and indeterminate, and there are infinite solutions that describe the point v 0 in terms of vertices v i , i = 1, · · · , n. The same happen in R 3 for a polyhedra with more than four vertices.
Consider a region P with boundary ∂ P defined by a polygon with vertices v 1 , v 2 , ..., v n arranged in counter-clockwise order and a point v 0 in the interior of this region (see Figure  1 (a)). One can interpret the coordinate λ i of point the v 0 in related to the vertex v i as the influence of the vertex v i on the point v 0 . When attempting to extend the barycentric coordinates to non-simplex polyhedra, we are actually attempting to smoothly propagate the influence of a vertices on the boundary ∂ P of region to its interior int(P). We define the function f to be the identity function on ∂ P, and we seek a smooth function u defined in int(P) such that u is equal to f for every point on ∂ P. This smoothness is obtained once we require that u be a harmonic function. In other words, we seek to obtain a function u defined in P such that u is a solution to the Dirichlet problem inside region P, with the identity function as the boundary condition:
In 2003, Floater [4] proposed a coordinate system based on the mean value theorem [2] that yields smooth coordinates in regions bounded by closed polygons. In 2005, Ju et al. [5] and Floater et al. [6] extended the coordinate system obtained by Floater to the three-dimensional space. The Mean value coordinates (MVC) are distinct from other extensions of barycentric coordinates because of their simple derivation, with closed formula to derivate the coordinates in two and three dimension, and local influence of control points, which result in an intuitive deformation process. However, for nonconvex cage control, the presence of negative coordinates results in an undesired behavior of the deformation (problem illustrated in the Section 2). In this work, to eliminate these undesired behavior, we propose a new approach in the derivation of the Mean Value Coordinates, in which a control vertex do not has a significant influence on regions not related to it.
This work is organized as follows. In Section 1, we highlight the main characteristics of the deformation methods that use barycentric coordinates proposed in the last years. In Section 2, we present the derivation of MVC proposed by Floater, and point out the causes and consequences of negative coordinates. In Section 3, we propose a modification on the derivation proposed by Floater, where the Euclidean distance is replaced by the interior distance, which better respect the model geometry. In Section 4, we present the deformations obtained with our coordinates and compare them with the deformations obtained using MVC and harmonic coordinates.
Related work
Although barycentric coordinates have several applications in computer graphics (some of them can bee seen in the works proposed by Li et al. [7] , Rustamov [8] and Farbman et al. [9] ), we opt to restrict the related works to their application in mesh deformation.
In 2005, Ju et al [5] and Floater et al. [6] extended to three dimensions the Mean Value Coordinates proposed by Floater [4] in 2003. The derivation, based on the mean value theorem for harmonic functions, has a closed formula and results in a intuitive deformation process. However, the non-negativity of the coordinates is guaranteed only on regions bounded by convex cage control.
In 2007, Joshi et al. [10] proposed the Harmonic Coordinates (HC), a generalization of barycentric coordinates derived by the numerical solution of the Laplace's equation inside the cage control, which yielded strictly positive coordinates. The cage control is filled by a regular grid, the solution of the Laplace's equation is obtained on its cells and then it is interpolated to the vertices of the model. The necessity of the domain discretization makes the derivation of the Harmonic Coordinates a slow process, in which the linear precision is guaranteed only on the grid cells.
Also in 2007, Lipman et al. [11] proposed the construction of strictly positive coordinates derived from the mean value theorem, in which the visibility of a point within the control polyhedron is considered, i.e., points within the cage control are written only in terms of those (control) points that are visible to it. In this way every interior point has a convex cage control, which avoids the negative coordinates presented in the method proposed by Ju et al. [5] . The visibility criterion makes neighbors regions on the model be controlled by different cage controls, which compromise the smoothness of the coordinates.
Derivation of Mean Value Coordinates Using Interior Distance and Their Application on Mesh Deformation
In 2008, Lipman et al. [12] proposed coordinates based on the Green's third identity, which describe points in the interior of the cage control in terms of its vertices and faces. Green's Coordinates (GC) yield a conformal mapping in two dimensions and a quasi-conformal one in three dimensions. However, conformal mappings are restricted to rotations and scalings, and the global influence generated by the method in every control vertex results in a deformation process that is difficult to control.
In 2010, Manson and Schaefer [13] constructed extensions of barycentric coordinates based on least squares. These moving least squares coordinates, similarly to the MVC, yield negative coordinates for non-convex cage control. Moreover, there is no closed formula to derivate the coordinates in three dimensional space.
The Mean Value Coordinates
In this section we present the derivation of the Mean Value Coordinates proposed by Floater [4] . For the simplicity of the explanation we opt to present only the derivation in two dimension, since the derivation in three dimension is based on the same argument. For more details on the derivation and analysis of MVC in three dimensions, see Custodio [14] .
Let P be a region of the plane delimited by a convex polygon with vertices v 1 , v 2 , ..., v n , arranged in counter-clockwise order, and u be a harmonic function defined on its interior. Given a point v 0 inside P, we denote by B(v 0 , r) the circumference centered at v 0 with radius r (see Figure 1 (a)).
In his work, Floater [4] use the Mean Value Theorem to harmonic function to write the value of the function u at the point v 0 as a function of the a linear function defined on the boundary of P.
Theorem 1 (Circumferential mean value theorem) Let P ⊂ R 2 be a convex region, u be a harmonic function in P and B = B(v 0 , r) ⊂ P with boundary Γ; then,
Consider the triangle Figure 1 ) and let Γ i be the arc of Γ contained in T i . We can now rewrite equation (3) as
Lemma 1 If f : Γ i → R is a linear function and α i is the signed angle between vertices v i and v i+1 , then The Lemma 1 allows us to rewrite the Equation (4):
Denoting
yields
Note that Equations (6), (7) and (8) imply, respectively, that the obtained coordinates are positive, their sum is equal to 1 and they have linear precision when representing a point in the interior of region P, i.e., λ i are the barycentric coordinates for v 0 relative to vertices v i .
The Negative Coordinates
Consider now a region P in the plane, bounded by a nonconvex polygon.
As showed in the Figure 2 , the edge [v i , v i+1 ] is projected on the circumference centered at v 0 with its reverse orientation; therefore, the coordinate w i of the vertex v i relative to the vertex v 0 will, be given by
where tan(
2 )|, which imply w i < 0. 
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Consequences of negative coordinates
The consequence of the generation of negative coordinates is that in the deformation process some regions of the model present an undesired behave. In Figure 3 (a), we highlight the regions where the control vertex in orange has the greatest influence. In red the region where this influence is positive and in green the region of negative influence. In the Figure 3 (b) is possible to observe that the movement of the control points related to the model's left leg causes an undesired deformation in the right leg. The same effect can be observed on the left leg, caused by the negative influence from the control vertices of the right leg. The problem caused by the negative coordinates is aggravated by the use the Euclidean distance during the derivation of the coordinates. When considering the Euclidean distance between control vertices and points of the model, the visibility of a point inside the cage control is not respected. Thus, the control vertices that are far from a point of the model, considering path within the cage control, are by the euclidian distance as close as the control vertices directly related to this point (see Figure 4) . Therefore, a region of the model may suffer great influence from control vertices that are not directly related to it, that will be negative influence, as showed in Figure 3. 
Derivation of Mean Value Coordinates using Interior Distance
As presented in Section 2.1, MVC do not satisfy the assumption of non-negativity for non-convex cage control. In the Figure 5 we present some examples of this negative influence.
To solve the problem of the great influence of the control vertices on regions not related to them we propose a modification on the derivation of the Mean Value Coordinates, we replace the use of the euclidian distance by the interior distance given by the length a path within the cage control (see Figure 6 ), and we call the resulting coordinates by Mean Value Coordinates with interior distance (MVC-ID). We present a process of derivation that maintains the simplicity of the MVC derivation by Floater [4] . In our derivation it is not necessary to discretize the domain, and the smoothness of the resulting coordinates is not compromised, which are disadvantages of harmonic (Joshi et al. [10] ) and positive MVC (Lipman et al. [11] ), respectively. Positive influence varies from red to yellow, and negative influence varies from green to yellow.
The Interior Distance
Consider a distance d measured over the mesh of the cage control and the distances d i j = (v i , v j ) between the vertices in this mesh. Once we have a distance measure over the mesh of the cage control, we define another distance measure in its interior based on the article Interior Distance Using Barycentric Coordinates (Rustamov et al. [15] ), in which extensions of barycentric coordinates are used to propagate distances measured on a mesh to its interior.
To this end, the control vertices v i ∈ R 3 are embedded in a higher dimensional space R m (for some m) by performing a mapping v i → v i * ∈ R m such that v i * − v j * 2 = d i j . Next, using barycentric coordinates, we extend this mapping to the interior of the mesh. coordinates relative to the control vertices λ i (p), i = 1, ..., n (where n is the number of control vertices), we have:
The distance between two points, p and q, taken inside the cage control is given by the Euclidean distance of their images, p * and q * :
The interior distance is therefore given as a function of the barycentric coordinates of points p and q and of the images v i * of the control vertices. Taking p * = ∑ i λ i (p)v i * e q * = ∑ i λ i (q)v i * , from Equation (11) we have:
where
is the column vector of the weights of the control vertices related to the point p and matrix A is the Gram matrix of the vertices, where each element is denoted by a i j = v i * , v j * R m . The interior distance of a control polyhedron vertex to a point in its interior is thus given byd(v i , p).
In our implementation, we opt do not to use an explicit embedding. We computed the matrix A directly, using multidimensional scaling (MDS) ((Ju et al. [16] ).
Let D be the matrix with the square distances as measured over the cage control, with D i j = d 2 (v i , v j ) and I being the identity matrix, then:
where − → 1 is a column vector of 1's. Thus, A can be written as:
For simplicity, we opt to define the distance between cage control vertices as the shortest path between them, taken over the edges of the mesh. In addition, to simplify the implementation, we used the original MVC to extend the embedding performed at the control polyhedron vertices into its interior, as suggested in the work of Rustamov et al. [15] . Despite the negative coordinates, the original MVC guarantee the linear precision in the reconstruction of points within the cage control.
Properties of interior distance
• Interpolation The distanced obtained inside the mesh interpolates the distance d measured on the mesh.
• Metric: If the Gram matrix A is a positive definite matrix, then the distanced is a metric.
• Same topology as Euclidean distance: If the Gram matrix A is a positive definite matrix and the barycentric coordinates are continuous, then the distanced induces the same topology of isolines in the interior of the mesh as the Euclidean distance.
The Use of Interior Distance in the Derivation of Mean Value Coordinates
The nature of the method presented in the Section 3.1 to the computation of the interior distance makes it inherit the characteristic of the distance measured on the mesh. Thus, chose of distance as the shortest path (choose due its simple computation) as the distance to be propagate to the interior of the cage control will result in an interior distance unable to guarantee the linear precision of our coordinates and, consequently, there will be an error in the reconstruction of a given model point p:
Where n is the number of control vertices, γ i is the MVC-ID of the point p related to the control vertex v i and ε ∈ R 3 is a vector which coordinates are the errors obtained in the reconstruction of the point p in the axis x, y and z .
To solve the reconstruction problem and achieve the linear precision in our coordinates we introduce the following interactive method.
• For each point of the model, we write the reconstruction ε ( Equation 15) as function of the control points and its MVC-ID.
Derivation of Mean Value Coordinates Using Interior Distance and Their Application on Mesh Deformation
Where γ ε i is the MVC-ID of the error vector ε. Thus, the Equation 15 can be written as:
• If, in the Equation 17, the error ε > 10 −5 , we repete the above step, otherwise the process finish and we have:
the MVC-ID of the point p. Where k is the number of interaction necessary.
The influence of a control vertex on a region of the model is inversely proportional to its distance from it. Although our approach does not completely eliminate the negative influence of a control vertice, by replacing the Euclidean distance r i by a interior distancer i taken inside the cage control, we increase the distance of a given control vertex to regions of the model not related to it, consequently, diminishing its influence on this regions.
One potential disadvantage of MVC-ID compared to the original Mean Value Coordinates is the computational cost of the coordinates derivation. The interactive method, applied to solve the reconstruction problem, increases k times the computational cost of the coordinates derivation, where k is the number of interaction necessary. However, as the coordinates are computed only once and stored, the cost of evaluating the deformations with the MVC-ID is identical to that of deformations based on the original Mean Value Coordinates.
Results and Comparisons
Replacing the Euclidean distance by an interior distance during the derivation of the coordinates results in a significant reduction of the influence of a control vertex on regions of the model not related to it. In the Figure 7 we highlight the regions of greatest influence of the orange control vertex on the model with the original MVC and our coordinates. The red region indicates a positive influence and the green region the negative influence.
The Table 1 presents the comparison between the coordinates of the point in blue on the model, related to the orange control vertex, using both original MVC and MVC-ID. In both case, the reduction of the negative influence is greater than 73%. Table 1 . Influence of selected points in Figure 7 .
Method In the Figures 9 and 8 we compare the deformation obtained by the original MVC, the Harmonic coordinates and Tables 2 and 3 indicate that, even without changing the position of the cage control vertex, the surface area of the model obtained by the deformation with HC is the one that undergoes the greatest change. This occur because the solution of Laplace's equation, which is used to construct the coordinates, is initially computed only on the vertices of the grid. Thus, the linear precision of the method is guaranteed only on cells of this grid. The value of the function on points of the model is given by trilinear interpolation, which makes the deformation results directly dependent of the grid density. The results obtained using our coordinates yield a non-significant reduction of 0.2% in surface area. It is possible to observe also in the Figure 9(b) , where we present a deformation process using the original Mean Value coordinates, the undesired deformation on the model's foot. In the Figure 9 (c) we perform the same deformation, now using our coordinates. The Figure 8 illustrates the female robot model deformation obtained using each method, with the cage control vertices in their original positions. We opt for to present first the result obtained by the recovering of the model with the cage control vertices in their original position.
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The Figures 10 and 11 illustrate the deformations of the arms and legs of the female robot model and compare the results obtained using both our coordinates and the original MVC. Tables 4 and 5 As observed in Figure 12 and Table 6 , in cases where the negative coordinates of the original method do not lead to undesirable changes, the deformations given by our coordinates 
Conclusions
In this work we propose a modification on the derivation of MVC, the Euclidean distance used in the original derivation is replaced by a distance taken inside the cage control, which respect the shape of the model and cage control. The use of the interior distance is effective in reducing the influence of control points in regions not related to them. Consequently, the deformations generated using our coordinates do not present the undesirable behavior observed in deformations generated using the original MVC. For future work we should include the investigation of the use of MVC-ID in the application of volumetric textures, as suggested by Ju et al. [5] , and compare it with the results obtained with the MVC. 
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